LECTURE 1

Introduction. The goal of the course is to help you get better at writing and reading proofs.
Since one learns by doing, we will do a lot of math, including construction of the rational numbers
out of integers and real numbers out of rationals.

WARNING: Sally sweeps some important details under the rug. I will try and point out when this
happens.

An informal discussion of sets. We start by talking about sets. Informally a set is a collection
of some (mathematical) objects, which are called elements of the set.

Notation 1.1. We write z € A to mean “x is an element of a set A.”
We write x € A to mean “x is not an element of a set A.”

For example:

e N = the set of all natural numbers, N = {1,2,3,4,5...};
e 7 = the set of all integers, Z = {0,1,-1,2,-2,...};
o Q = the set of all rational numbers:
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e R is the set of all real numbers.

(The notation above is currently standard in North America and, possibly, Western Europe.) Ele-
ments of N are natural numbers. For example, 10?2 € N, that is, 10?3 is an element of N. —1 ¢ N,
that is, —1 is not an element of N. We will show that there is a real positive number x so that
22 = 2. This number is usually denoted by /2. We will show that v/2 ¢ Q, that is, v/2 is not an
element of Q, or, less formally, /2 is not rational.

We take the point of view that sets are determined by their elements. That is two sets A and B
are equal (we write A = B) if and only if’ they have the same elements:

A=B& (ac A= acB).
Definition 1.2 (Empty set). The empty set, denoted &, is the set with no elements.

Definition 1.3 (Subsets). A set A is a subset of a set B (we write A C B or A C B) if (and only
if) any element in A is also an element of B:

a€ A= a€ B.

(Here and elsewhere = is a shorthand for “implies.”
Example 1.4. NCZ,Z CQ, QCR.
Remark 1.5. For any set A the empty set & is a subset of A. Why?
Remark 1.6. A=B <= (A C B and B C A). (This is Exercise 1.2.2 in Sally’s book.)
Exercise 1.7 (Exercise 1.2.1 in Sally’s book.). For a set A,
ACA
Proof. A C A means: for all a € A, a € A, which is true. O

WARNING: In math, ” X or Y” means:
X,Y,or both X and Y.

L we may abbreviate “if and only if” as < or iff



Definition 1.8 (union). The union of two sets A and B is the set AU B defined by
AUB={z|z€ Aor x € B}

Definition 1.9 (intersection). The intersection of two sets A and B is the set AN B defined by
ANB={z |z € Aand z € B}
Pictures: A and B ANB

and AUB

Example 1.10. A ={1,2,3}, B ={1,2,4}
AUB = {1,2,3,4}
ANB={1,2}

Definition 1.11. Two sets A and B are disjoint if AN B = 2.

Example 1.12. A ={1,2,3}, B ={4,5,6,23}.
ANB=go
= A and B are disjoint. {1,2,3} and {2,3,6} are not disjoint.

Example 1.13.
{1,2,3} n{2,4} = {2}
{1,2,3}n{4,5} =@

Definition 1.14 (Complements). Let X be a set and A a subset of X. The complement of A in
X is the set

A ={reX |z g A}:




Example 1.15. The complement of the set N of natural numbers inside the set Z of all integers is
the set N={ne€Z|n¢gN} ={0,-1,-2,...}.

Example 1.16. The complement of the set A of even integers inside the set X of a all integers is
the set of all odd integers.

Example 1.17 (Example (1.3.7) in Sally). For any three sets A, B and C
AN(BUC)=(ANB)U(ANQO).
Proof. Suppose x € AN (BUC. Then
r€ Aand x € BUC.

Since x € BU C either z € B or x € C (or both). Now if x € B then x € AN B (since x is always
in A). Similarly if x € C then x € ANC. Hence z € (AN B)U (ANC). Since z is arbitrary we
conclude that
AN(BUC)C(ANB)U(ANCQO).

Conversely if x € (AN B)U (AN C) then either x € AN B (and then x € A and z € B) or
x € ANC (and then x € A and z € C).

In either case x € A and (x € B or z € C). Hence x € A and x € B U C. Consequently
x € AN (BUC). It follows that

(ANB)U(ANC)CAN(BUC).
We now conclude that AN (BUC) = (AN B)U(ANC) since they have the same elements. [

Example 1.18. Suppose A, B are two subsets of a set X. Then (AU B)¢ = A°N B¢ (here A€, B¢
mean complements with respect to the set X).

Proof.

r€(AUB)® <= ze€ X andz ¢ (AUDB)
re X and (r ¢ Aand z € B)
(reXandz ¢ A) and (x € X and = ¢ B)
x € A° and = € B¢
x € A°N B¢
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LECTURE 2: ORDERED PAIRS, FUNCTIONS

Last time: Informal notion of a set, being an element of a set, N, Z, Q, R, @, “x € A”, AN B,
ACB, AUB, fACX, A={ze X |z & A}

More generally, given two sets A and B, we can define AN B:={a € A|a ¢ B}. Thenif A C X,
the complement of A in X is A= X \ A.

Definition 2.19 (ordered pairs). Let A, B be two sets, a € A, b € B. An ordered pair (a,b) is a
set with the following property:
For alla' € A,V € B

(a,b) = (d',VV) <<= (a=d andb=1V).

At this point we don’t know if ordered pairs exist, but this issue is not hard to take care of. For
example we could define

(2.0.1) (a,b) := {{a}, {a,b}}

(See Wikipedia https://en.wikipedia.org/wiki/Ordered_pair for a proof that the set (a,b)
defined by (2.0.1) has the desired property). There are other constructions. What matters is not
the construction but the fact that ordered pairs with the desired properties exist.

I presume you have seen ordered pairs before. For example, the coordinate plane R? is the set
of all ordered pairs of real numbers. Note that the ordered pair (z,y) is not the same thing as the

set {z,y} since {z,y} = {y,z} and (z,y) # (y,x) unless x = y.
More generally, given two sets A and B, we define their Cartesian product A x B as follows:

Definition 2.20. The Cartesian product A x B of two sets A and B is the set of all ordered pairs
(a,b) with the first element in A and the second in B:
Ax B={(a,b)|a€ A be B}.
Example 2.21. A = {a,b}, B={1,2,3}.
A X B = {(a7 ]‘)’ (a'7 2)7 (a7 3)’ (b7 ]‘)’ (b7 2)’ (b7 3)}
Example 2.22. A= {0,1}, B = {1,2,3}.
AxB= {(Oa 1)7 (07 2)7 (07 3)a (1a 1)7 (17 2)7 (L 3)}
Bx A= {(L 0)7 (17 1)7 (270)a (27 1)7 (37 0)7 (3a 1)}

In particular,

AxB#BxA

Remark 2.23. For any set A the Cartesian product @ x A is empty, since @ x A has no elements.
Similarly A x @ = (.

Definition 2.24. A relation R on a set X is a subset of X x X.

Notation 2.25. Given a relation R on a set X it is common to write a ~ b or a ~g b if (and only
if) (a,b) € R.

Recall that an integer k € Z is even if (and only if) k = 2¢ for some ¢ € Z. An integer k € Z is
odd if (and only if) k = 2¢+ 1 for some ¢ € Z. We are now ready for our first example of a relation.
WEe’ll see shortly that the relation below is an equivalence relation.

Example 2.26 (Parity relation on the set Z of integers).
R={(n,m)€ZxZ| (nand m are odd) or (n and m are even)}
={(n,m) €Z X7Z|n—miseven}
Thus

n~rm < n—m =2k for some k € Z.
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Example 2.27. X any set. The equality relation on X is the subset
R={(z,y) e X x X |z =y}

Thus x ~g y if and only if z = y.

Example 2.28. X = R, ”<” defines a relation
R={(z,y) e RxR|z <y}

Thus, by construction z ~pg y if and only if x < y.

2.1. Equivalence Relations.

Definition 2.29. An equivalence relation on a set X is a relation R C X x X such that the
following three conditions hold.

(ER1) (reflexivity) a ~ a for all a € X,
(ER2) (symmetry) If a ~ b then b ~ a (for all a,b € X.
(ER3) (transitivity) if a ~ b and b ~ ¢ then a ~ ¢ (for all a,b,c € X).

(You should memorize this definition — the definition will be on the quiz on Friday, 01/29/2021.)

Example 2.30 (important!). The parity relation R (Example 2.26) is an equivalence relation.

Proof. (1) Since n —n=0=2-0, n ~n for all n € Z. Hence R is reflexive.

(2) If n — m = 2k for some k € Z then
m—n=—(n—m)=(-1)(2k) = 2(—k).

Hence R is symmetric.

(3) Suppose (n,m), (m,r) € R. Then n —m = 2k and m — r = 2¢ for some k, ¢ € Z. Hence
n—r=n—m+m-—r=2k+20=2(k+7).

Hence n ~ 7.
Since R is reflexive, symmetric and transitive, it’s an equivalence relation. O

We will come back to equivalence relations in a few lectures and see why they are important. In
particular we will use equivalence relations to construct the rationals out of integers and the reals
out of the rationals.

2.2. Functions.

Informally, a function f from a set A to a set B is a rule that assigns to each element a € A
exactly one element f(a) € B. We write f : A — B to indicate that f is a function from a set A
to a set B.

The set A is called the domain of the function f. The set B is the called the range or the codomain
or the target of the function f.

Example 2.31. f:R — R, f(z) = 2? is a function from the reals to the reals.

Example 2.32 ( A nonexample). h: [0,00) — R, h(z) = ++/z, is not a function: it assigns to 4
both 2 and —2.
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Formally, there are several ways to define functions. For example we can declare a “function” to
be an undefined notion, just like “set” or “is an element of” are undefined notions.
Another approach defines functions in terms of their graphs. This has an advantage (?) of
defining functions to be sets. Given a function f: A — B we have a set
Graph(f) = {(a,b) € AX B[b= f(a)},

the graph of the function f. Not every subset R of A x B can be a graph of a function; R has to
pass “the vertical line test”:

(a,b),(a, ) e R = b=V
The set R = {(z,y) € R? | y} = /2 = {(x,y) € R? | y = 22} fails the vertical line est and so is
not the graph of a function.

Definition 2.33 (compare Sally, 1.7.3). Let A and B be two sets. A function from A to B is a
subset R of the Cartesian product A x B such that

(1) For all a € A, there is b € B with (a,b) € R.
(2) If (a,b) and (a,b’) are in R then b =10'.
“Each element of A occurs exactly once as a first coordinate.”

Remark 2.34. Recall that for any set B, @ x B = &. So there is exactly one function from @ to B:
oCIxXxB=g.

There are no functions from a nonempty set A to &. This is because given a € A there does not
exists a b € @ such that (a,b) € A x @ = g.

There is exactly one function from @ to itself: it is the empty function.

Remark 2.35. Of course most mathematicians don’t think of functions as subsets of Cartesian
products. We think of them as rules that assign elements to elements.

Pairs of functions with the appropriate domain and range can be composed.

Definition 2.36 (Composition of functions). Given f : A — B, g : B — C we define their
composite go f : A — C by

(go f)(a) :=g(f(a)) forallac A

Thus (secretly ?7) we think of functions in terms of what they do to elements of their domain
and not as subsets of Cartesian products.

Remark 2.37. For every set A we have the identity function id4 : A — A. It is defined by
ida(a) = a for all a € A.

Theorem 2.38 ( Sally, 1.7.13). Composition of functions is associative: for any three functions
ftA—B,g:B—C,h:C—D

ho(gof)=(hog)of.

Proof. For any element a € A we have

(ho(gof))(a)=h



LECTURE 3: RULES OF ARITHMETIC FOR INTEGERS

Sally states “Rules of arithmetic for Z” as follows:

(A1) For all a,b € Z, the sum a + b is in Z.
(M1) For all a,b € Z, the product ab is in Z.
(A2) (associativity of +) For all a,b,c € Z,

a+(b+c)=(a+0d) +ec
(M2) (associativity of -) For all a,b,c € Z,
a-(b-¢c)=(a-b)-c
(A3) (commutativity of +) For all a,b € Z
a+b=>b+a.
(M3) (commutativity of -) For all a,b € Z
a-b=b-a

(A4) There is 0 € Z so that
a+0=a=0+a

for all a € Z.
(M4) There is 1 € Z so that

a-l=a=1-a

for all a € Z.

(A5) (additive inverses) For all a € Z there is (—a) € Z such that a + (—a) =0 = (—a) + a.

(D) (distributive law) For all a,b,c € Z,
a-(b+c)=(a-b)+ (a-c).

Remark 3.39. (A1) says that addition of integers is a function 4 : Z x Z — Z.

(M1) says that multiplication of integers is a function - : Z x Z — Z.
(A1), (A2), (A4), (Ab) say: Z with + and 0 is a group.

Additionally (A3) says that the group (Z,+,0) is abelian.

(A1-A5), (M1), (M2), (M4) and (D) say: (Z,+,-,0,1) is a ring with unity (that is, with 1).

Adding the condition (M3) says that (Z,+,-,0, 1) is a commutative ring.

In other words

Definition 3.40. A commutative ring is a set R together with two functions (“binary operations”)
+:RxR—R,-: Rx R — R and two elements 0,1 € R (with 0 # 1) so that the conditions

(A1-A5), (M1-M4) and (D) hold for all elements of R.

Facts In a commutative ring R

1) The additive identity is unique. That is, if there is 0’ € R so that a + 0’ = a for all @ € R then

0’ =0.
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Proof. Suppose 0 is another additive identity. Then

0 =0+0 (since 0 is an additive identity)
=0 (since 0’ is an additive identity)
(|
(2) Additive inverses are unique: if a +a’ = 0 then o’ = —a.
Proof. Suppose a + a’ = 0. Then
(=a) = (=a)+0
= (-a)+(a+d)
= ((—a)+a)+d
= 0+d
o
O

Remark 3.41. Since additive inverses are unique we have a well-defined additive inverse function
inv: R— R, inv(a)= —a.

(3) Cancellation for addition: For a,b,c € R, if a +b = a + ¢ then b = c.

Proof.

at+b=a+c = (—a)+(a+b)=(—a)+(a+c)
= ((—a)+a)+b=((—a)+a)+c
= 0+b=0+c¢
— b=c

0

(4) Multiplicative inverses are unique: if there exists 1’ € R so that 1’ -a = a for all a € R then
1=1.
(Prove it!)

(5) Forany a € R, a-0=0:

Proof.
0+ (a-0) = a-0
a-(0+0)
(a-0)+ (a-0).
Now, as in the proof of (3) add —(a - 0) to both sides. We get 0 = a - 0. O

(6) For any a € Z, (—1) - a = —a, that is (—1)a is the additive inverse of a.
Proof.
a+(-1)-a =1l-a+(-1)-a



Since additive inverses are unique (see (2) above)
(=1)-a=—a.
O

The ring of integers Z has an additional property that an arbitrary commutative ring may not
have (we’ll see examples later on): “Z has no zero divisors.” That is:
for any a,b € Z, if a - b = 0 then either a = 0 or b = 0.

Lemma 3.42. Suppose R is a commutative ring with no zero divisors:
a-b=0=(a=0o0rb=0).

Then R has a cancellation law:

(a-b=a-canda#0)=b=c
To prove the Lemma we’ll need

Exercise 3.43 (compare with Sally, 1.5.2). For any two elements a,b in a ring R
(—a)-b=—(a-b) =a-(=b).

Hint: additive inverses are unique.

Proof of Lemma 3.42.

a-b=a-c
= a-b+(—(a-c)=0
= a-b+(a-(—c)=0 by the exercise above
= a-(b+(—c))=0 distributive law

Since a # 0 by assumption and since the ring R has no zero divisors, we must have b 4+ (—c) = 0.
This implies that b = ¢ (add ¢ to both sides, use associativity of + and the fact that b+0 =15). O
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