1. THE TANGENT BUNDLE
Definition 1.1 (provisional). The tangent bundle TM of a manifold M is (as a set)
TM = |_| T, M.
a€eM
Note that there is a natural projection (the tangent bundle projection)

m:TM — M

which sends a tangent vector v € T, M to the corresponding point a of M.

We want to show that the tangent bundle T'M itself is a manifold in a natural way and the projection
map 7 : TM — M is smooth. Strictly speaking, we first should specify a topology on T'M. However, our
strategy will be different. We will first find candidates for coordinate charts on the tangent bundle T'M.
They will be constructed out of coordinate charts on M. We will check that the change of these candidate
coordinates on T'M is smooth. One then can use these candidate coordinates to manufacture a topology on
TM, an issue that we will ignore.

Remark 1.2 (Comment on notation). On R™ we have n real valued smooth coordinate functions 71, ..., 7y;
r; assigns to a point a = (ai,...,ay) its jth coordinate: r;(ai,...,an) = a;. If F: X — R" is any function
then F' cooresponds to an n-tuple of real-valued functions on X:

F(z) = (Fi(z), ..., Fa(),

where F;(z) is the jth coordinate of F(z). Thus F;(x) = r;(F(x)) = (rjoF)(z) and consequently F; = r;oF.
Similarly, but not entirely consistatutly, we say “p = (z1,...2,) : U — R" is a coordinate chart on a
manifold M” to mean that z;(m) = r;(¢(m)) for m € U C M. Thus z; =r; o .

Let ¢ = (x1, - ,x,) : U = R™ be a coordinate chart on M. Out of it we construct a chart on TU =
| pe TaM C TM. The first n functions come for free: we take the functions zy o7, ..., 2, o7m. Another set
of n functions come for free also: given a vector v € T U,

0
v= Z(dmz)a(v)aixja

Hence, abusing the notation a bit, we get maps

de; :TU - R, TU 3 v (dz;)e(v), where a = 7(v).
Thus we define a candidate coordinate chart

¢ = (ryom,-- ,xpom,dry, - ,dry,) : TU — R" x R"
by

$(v) = (21(w(0)), -, 2 (1(0)), (A1) 2 () (V); - - s (dn) () (0)-

If {Uy, ¢o)} is an atlas on M, we get a candidate atlas {(TU,, ¢o)} on TM. To see why this could possibly
be an atlas, we need to check that the change of coordinates in this new purported atlas is smooth. To this

end pick two coordinate charts (U, ¢ = (z1,- -+ ,2,)) and (V,¥ = (y1, -+ ,yn)) on M with UNV # (). Then
TWUNV)=TUNTV # 0. Let

o= (21, ,&n,dry, - ,dxy) : TU - R" x R"
and )
1/J:(y17"' vynadyla"' 7dyn)TV—>R" x R™

be the corresponding candidates charts on 7M. Now let us compute the change of coordinates ¢ o ¢
First, note that

- 0
¢ 1(T1a"' y Ty U1y ot aun) = ZuzaT S T¢*1(r1,<--,rn)M~

%

G~ H(r1,e )
So

'J}(Zuzaixl ) = (¢(¢_1(T17' o arn))vdyl(zuiaixi)? e de"(zulaixz))

1

¢~ 1(r1, )



But
0
(Y i) = ) = 3 = 3 o

Thus the change of the candidate coordlnates is given by

7210(571(7’1"“ s Ty U1, s " aun) :(1/)0¢71(T),( ayl Zayn

(1.1) , w &
=<wo¢-1<>(;;j<>) !

Un

where r = (r1,...7,). Clearly @/; o Jfl is smooth wherever it is defined. It remains to define a topology on
TM so that the charts ¢ : TU — ¢(U) x R™ are homeomorphisms. We declare a subset O C T M to be open
if for any coordinate chart ¢ : U — R™ on M, the set (O NTU) C R™ x R™ is open.

Proposition 1.3. The collection of open sets on T M defined above does indeed form a topology. Moreover,
if M is Hausdorff and second countable, so is TM.

Proof. We ignore these technicalities and save them for a graduate course in differential topology. O

We conclude that if M is an n-dimensional then its tangent bundle TM is a 2n-dimensional manifold.
Moreover, each coordinate chart (z1,...x,) : U — R™ on M gives rise to a coordinate chart (z1 o7, ...x, 0
m,dwy,. .., dxy,) : TU — R,

Remark 1.4. The following notation is suggestive: we write (m,v) € TM for v € T,,,(M). Strictly speaking,
it is redundant since m = 7(v).

Remark 1.5. It is customary to simply write z; : TU — R for z;om : TU — R.

2. THE COTANGENT BUNDLE
As a set, the cotangent bundle T*M is the disjoint union of cotangent spaces:
"M = | | T;M.
a€M
Note that there is a natural projection (the cotangent bundle projection)
m:T"M — M

which sends a cotangent vector (a covector for short) n € T.* M to the corresponding point a of M. We make
the cotangent bundle T* M into a manifold in more or less the same way we made the tangent bundle into a
manifold. That is, we manufacture new coordinate charts on T* M out of coordinate charts on M and check
that the transition maps between the new coordinate charts are smooth.

So let ¢ = (21,...,2p) : U = R™ be a coordinate chart on M. Then for each point a € U the covectors
{(dz;)o} form a basis of T M. The partials i| } form the dual basis. Hence for any n € T M,

n= Z?? ) (dzi)a.

Therefore the partials {%} give us coordinate functions on T*U:

0
8:51-
where a = 7(n). We now define the candidate coordinates

:T*U — R" x R"
¢

0
Z’I’*Uv—>]Rn7 T*UBU’—)n(87|a),

by
- 0 0
d)—(331ow,...,a:now,—axl,...,—amn

).
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Note that
) n
¢_1(rla ceey T, W - awn) = Zwi(dwi)¢7l(r) = T:;il("‘)M7
=1

where again we have abbreviated (ry,...,r,) as . We now check the transition maps. Let ¢ = (y1,...,yn) :
V — R™ be a coordinate chart on M with V N U # . Then

w © ¢_1(T17 <oy T, Wiy - awn) :QZ(Z wl‘(dl‘i)¢—1(r))
i=1
I i=1 Fn i=1

8y1,...,zi:w18yn).

=((Wo¢ h)(r), Zwi

We conclude that
wy

(2.1) ’lﬁoé_l(rl,"' y Ty W1yt ,wn)=(1/)°¢_1(7“),(g§;(7")> )’

n

which is smooth. The rest of the argument proceeds as in the case of the tangent bundle.

Remark 2.1. Later on, when we look at the general vector bundles, it will be instructive to compare the
formulas for the change of coordinates in the tangent and the cotangent bundles. In particular note that the

. dy; ; .
matrices (%(r)) and (ggl (r)) are inverse transposes of each other.
i j



