Homework #12 Math 518
Due in class Wednesday, November 16, 2011

1. Let M be an open subset of R?. In R3, the standard inner product (-,-) defines an isomorphism
R? — (R3)*, v + (v, ), which in turn induces an isomorphism of spaces of sections
A:T(TM) — QY M), AX)=(X,").

The standard volume form g = dxy A dra A drs defines an isomorphism R?® — A2((R3)*) by
v +— ¢(v)p, which also induces an isomorphism

B:T(TM)— Q*(M) B(X)=uX)p.

Finally, the map
C:C®(M) - QM) C(f) = fu

is also an isomorphism. (Check these facts!)
Show that the standard vector calculus notions of div, grad, and curl can be defined as

1. grad(f) = A~Y(df) for any smooth function f on M.

2. curl(X) = B~1(d(A(X))) for any vector field X on M.

3. div(X) = C71(d(B(X))) for any vector field X on M.
In other words prove that the diagram

grad

C> (M) L2 D(TM) -5 T(T M) —22% ¢ (M)
l A lB ¢
O (M) = Q1 (M) —> Q*(M) — Q*(M)

commutes.

2. Prove that for any manifold M, a 1-form a on M and any vector fields X,Y on M,

Lx((Y)a) =1(LxY)a+1(Y)Lxa.

3 Let V be a real vector space of dimension n, v1,...,v; € V a finite collection of vectors. Prove:
VI AV A Avg £ 0

if and only if the set {v1,..., v} is linearly independent.

4 Prove that for any k-form « and any ¢-form (5 on a manifold M, we have

anf=(=1)lflgaq.



