LECTURE 22 DIFFERENTIABLE MANIFOLDS 10/12/2011

Last Time. For a finite dimensional vector space V' we constructed an associative graded algebra:
dim V'
ANV =P AV=AVeANVerVa oA™Y
i=0
Moreover, if {v1, ..., vy,} is a basis of V, then {v;, A-+-Av;, }i, <...<ciy, is a basis of A*V. Hence dim A*V = (7).

Example 22.1. Let V = (R?)*. Then dz,dy, dz form a basis. In particular:

dz(v) = v
dy(¥) = w2
dz(0) = w3

Furthermore, A!'(R3)* is spanned by {dz A dy,dy A dz,dz A dz} and A%(R3)* is spanned by {dz A dy A dz}.

Proposition 22.2. For any linear map A : V. — W there exits a unique map of graded algebras A*A :
NV — KW such that for all vy, ...,vx € V we have:

(A"A)(vy A+ ANog) = Avg A+ A Ao

Proof. Consider the composite map j : V A, W < A*W. Then for all v € V we have j(v)-j(v) =0. So by
the universal property of V < AFV there exists a unique map of algebras A*A : A*V — A*W such that the
following diagram commutes:

A

v

Notation. Since A* A(A*V) C A*WV it makes sense to set
NA:=NA|
Our goal is to interpret A¥(V*) as alternating linear maps. More precisely we want to prove:

Lemma 22.3. Let V be a finite dimensional vector space. For each k € Z such that 1 <k <dimV =n we
have a natural isomorphism AF(V*) — AWt"(V, ..., V;R) such that ly A--- Al — [(v1, ..., vx) = det(li(v;))].

Example 22.4. Consider dz A dy € A>(R3)*. By Lemma 22.3above

dx () dx(w)) Wy — VW
dy(9) dy(w) e

Example 22.5. Consider dz A dy A dz € A3(R?)*. Then

(dz A dy) (0, W) = det (

dz(w@) dz(?) dz(w)
(dz Ady A dz) (1, v, @) = det | dy(@) dy(9) dy(w) | = - (¥ x @),
dz(@) dz(v) dz(w)

the scalar triple product of the vectors i, ¥/, w.
Our proof of Lemma 22.3 uses pairings.

Definition 22.6. A paring of two vector spaces is a bilinear map b : V x W — R. The pairing is non-
degenerate if for all v € V and all w € W the following holds:

{b(vo,w) =0 VYwe W} =v=0

[b(v,wo) =0 Yve V} =wy =0
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Remark 22.7. We've seen that (A*V)* = Hom(A*V,R) ~ ARV, .., V;R). So to prove Lemma 22.3 it’s
enough to produce an isomorphism (A*V)* ~ A*(V*). We'll do so by constructing a pairing A* (V) x AFV —
R such that b(ll VARERIVAN ln; vp A A ’Un) = det(l,-(vj)).

Example 22.8 (of pairings). V* x V — R such that (I,v) — [(v) is a non-degenerate pairing.
Lemma 22.9. Ifb:V x W — R is a non-degenerate pairing, then the linear maps

bV W B ) (=) 2 b, )

W SV b w)(-) Zb(—,w)
are isomorphisms.
Proof. By dimension count it is enough to check injectivity. By non-degeneracy of the pairing b we have:

() =0 < bv,w)=0=v=0
Therefore bf is injective. Similarly, b? is injective. O
Proof of Lemma 22.3. Consider the following 2k-linear map
k k
VEx oo xV*xVx.-xV — R
(LA ANlgy,vr A== Ayy) — det(l;(v;))

k

—l
Then for each fixed k-tuple (vy,...,v;) we have an alternating k-linear map A*V* x V x --- x V — R such
that (I3 A -+ Alg,v1 A+ Avy) — det(l;(v;)). Freezing the left hand side gives a map A*V* x A*V — R
such that (I1 A -+ Alg,v1 A~ Av) — det(l;(v;)). We get a pairing. Now let us prove non-degeneracy.
b:V x W — R is non-degenerate if there exists a basis {vy,...,v,} of V and a basis {wy,...,w,} of W
such that b(v;,w;) = 6;;. In our case pick a basis {eq,...,e,} of V*. Let {ef,..., e} denote the dual basis.
Then {e;,,...,ei,} is a basis of A*V and {e} el } is a basis of A¥V*. Note that

i10 0 Cig

* * 1 if (7:17"'7/[:k):(j17"'7jk:)
eji(ei) - €j (i) = {0 else

Therefore

blef, Ao N e Ao Aei) = Y (=1)7€S(ei ) =1+04+0+-+0=1
€Sk
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