LECTURE 26 DIFFERENTIABLE MANIFOLDS 10/21/2011

Last Time.

(1) Defined vector bundles E —— M.
(2) Space of sections I'(E) of E — M.
(3) Local sections.

(4) Morphisms of vector bundles.

(5) Trivial bundles.

(6) Vector bundles are locally trivial.

Goal. Operations on vector bundles. I.e. given E —— M we will construct E* T, M with (E*)y =
Hom(E,,R) or A*(E) — M, et cetera.

Let E — M be a rank k vector bundle. Then there exists an open cover {Ua}aeca of M and local

trivializations {¢,, : E|U =711 (Uy) — Uy xR¥} e with priogp, = 7 and Vq € Uy, <pa|E : B, — {q} xRF
fe1 q

are linear isomorphisms. What happens over the overlaps U, N Ug? The following diagram commutes:

(Ua N Up) x RF < Ely, nv, ——> (Ua N Up) x R*

T
Pry Prq

UaﬂUg

Hence goaocpgl  (UaNUB)xRF — (U,NUz) xR is C*and is of the form (g, v) — (g, F(q,v)) for some smooth
map F : (U, NUg) x R¥ — R¥ with F(g,—) : R* — R* a linear isomorphism for all ¢ € (U, NUg). So there
is a smooth map ¢ag : Uy NUs — GL(RF) with F(g,v) = pas(q)v. That is, (¢q o <pgl)(q,v) = (q, pas(q)v).
Thus we get a collection of maps {pas: Uy NUg — GL(Rk)}a,ﬁeA called the transition maps of the bundle
E 5 M with respect to the cover {U,}aca.

Example 26.1. E = TM " M, {¢(*) = (a} (@) zgff)) : Uy — R™} an atlas of coordinate charts.
Corresponding trivializations ¢, : TU, — U, X R™ are given by ¢, (¢,v) = (q, (dxla))qv, e (dx,(ﬁ))qv).
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Therefore the transition maps are ¢,5(q) = d(pq © @El)w -
B

Example 26.2. Tautological line bundle L — RP".

Recall that RP" = (R"**\ {0})/ ~ is the space of all lines (through 0) in R"*! where v ~ @ if and only if
v and © are linearly independent. Hence L = {(I,w) € RP" x R"*! | w € [}. We have a map 7 : L — RP",
m(l,w) = 1. We won’t check that this is a vector bundle.

Let U; = {[vo, . ..,v,] € RP" | v; # 0}. Then ¢; : Ly, — U; X R such that

vi([vo, -y vn], (Wo, ..., wy)) = ([Voy - - -, Vp], w5)

are local trivializations. It is not hard to see that

1 Vo Un
¢; ([vo, .- vn],A) ([vo,...,vn],)\- (%"“.7%‘)) .
1
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Consequently
(o003 LY = (A2
Therefore ¢;;([v]) = o are the transition maps.

Remark 26.3. Note that the transition maps {¢ag : Uy N Ug — GL(RF) satisfy a number of conditions.
Since @as(q)v = (pa © cpgl)(q, v) we have the following three conditions:
® Voa(q) = idgk
® Pap Ppa = ide
® Pap PBy  Pya = idR"‘
These conditions are called the cocycle conditions.
Goal. Let us now construct the bundle E* — M dual to a bundle £ — M.

As a set we define E* = [] qen(Bq)*. We need to give E* a manifold structure and we need local triv-
ializations. Since £ -~ M is a vector bundle, we have a cover {U,} of M and local trivializations

o E|U — U, x R¥ where k = rank E. For all ¢ € U, we have gpa‘E : E, — {q} x R*. Hence we

have
(Pl g, )" {a} x RF)" — (By)" = E;
and therefore Vq € U, .
(6ol )]+ By = {a} x YY"
We then get a collection of bijections {7 : E*|Ua — Uy % (R¥)*}4ea. What about transition maps? For
w € R¥ and [ € (R*)* we have

(Paowp) Hgw) = (¢ ¢ap(qw)

= <q’%|Eq o (soﬁ|Eq)_lw> :
(eh o ()s) (@ ]) = <q, [ ([«oﬁ\Eq)*}l)_l z) .

Hence the purported transition maps ¢}, 5 for £ are given by ¢, 5(¢) = [paps (¢)*]". Therefore vis = Gopap
where G is the composite map

Consequently

GL(R*) — GL((RF)*) — GL((R*)*)

A — A*
B — B!

which is C'>°. We'll see next time that the smoothness of the purported transition maps allows us to make
E* into a vector bundle.
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