LECTURE 27 DIFFERENTIABLE MANIFOLDS 10/24/2011

Last Time.

(1) Given a vector bundle £ —~ M we started constructing the dual bundle E* T M as a set
E* = quM(Eq)*‘

(2) Out of trivializations ¢4 : E ‘U — U, x RF we constructed purported trivializations ¥ : E*| = —

Ua

U, x (R¥)* bijections, linear on each fiber.
(3) We checked (¢, o (¢5) ") (g, 1) = (q, ¢} 5(@)]) where @},5: Uy NUp — GL((R¥)*) are C*.

To prove that E* is a manifold, that ¢}, are diffeomorphisms, and that 7* : E* — M is smooth we need a
proposition.
Proposition 27.1. Suppose that we have a set X, a cover {Uytaca of X, a collection of bijections
{¥a | Voo = Wataea where W, are manifolds such that for all a, 3 € A

(i) Ya(Vo NV3) is open in Wy, and

(ii) Yo 05" 1 hs(Va N V5) = 1ha(Va N V3) is C,
then X is a manifold so that all ¥, are diffeomorphisms.

Note that the proposition implies that the total space E* of the bundle dual to £ — M is a manifold.
Moreover, for all U, the following diagram commutes

.

B, Ua x (RF)*
x Pry
Ua
Hence 7*|,. = pr; o ¢}, is C>°. Therefore n* : E* — M is C*°. Not hard to check that ¢7, : |,. —
Ua Uq

U, x (R¥)* are diffeomorphisms. Consequently E* ™, is indeed a vector bundle.

Sketch of proof.

(1) The sets {¢;'(0) | @ € A and O € W, is open} form a basis for a topology on X which make ¢,
into homeomorphisms.

(2) Each point z € X lies in some V,,. 9,(x) lies in a coordinate chart ¢ : U — R™ on W,. Declare
pothy 1 H(U) — R™ to be a coordinate chart. () implies that the charts define an atlas.

«

O

Can we perform other operations? What do we need?

Example 27.2. Suppose given a vector bundle £ —— M of rank k we want to construct the n** exterior
power A"E —— M of a vector bundle E — M. We set

AN'E = H N'(Eq) (as a set).
q€M

Out of a collection {¢p, : E|a — Uy X V}aea of local trivializations with |JU, = M (V is a fixed finite
dimensional vector space) we get for all « and all ¢ € U, linear isomorphisms

<pa|Eq 1 B, AN {¢} x V.
Applying exterior power A" to everything above we get
K'(a] ) 2 KB, = {a} x K(V),
whence
N'(pa): A"Eq|Ua — {Uy} x A(V)
Hence for all indices « and 3 with U, N Ug # ) we have

(Ao 0 (App) ") (q,ln) = (¢, A" (pas(q))n) -
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For any finite dimensional vector space V over R we have a map

A GL(V) - GL(A'V), Aw— A'A,
which is a group homomorphism and is polynomial in A. That is to say, A"((a;;)) has entries which are
polynomials in a,;’s. Hence A™ is C*°. Therefore the purported transition maps A*(pag) : Uy NUg —
GL(A"V) are C*°. Now Proposition 27.1 implies that A" E is a manifold and the local trivializations {A"p, :
A"E|U — {U,} x A*(V) are smooth. Proceeding as in the case of the dual bundle we get that A"E —— M
is a vector bundle of rank (i )

Note that at this point we have constructed, for any manifold M, the bundles A*(T*M) — M and hence
differential forms.

Example 27.3. Suppose that £ =% M and F =5 M are two vector bundles. Let’s try and construct the
Whitney sum E & F — M. We choose a cover U, of M such that E . and F|U are both trivial for all «.
We have trivializations
0L E|, — Uy xRF
oh i F|, —UsxR
We set E@ F =[] ¢\ Eq ® Fy (as a set). The purported trivializations are
02 @k E|Ua @F|Uu — U, x (RF @R

The corresponding transition maps are

ens(9) = ¢hs(a) ® ohs(a)

and the map GL(R¥) x GL(R!) — GL(R* @ R!) with (A, B) 61

g ) is C*°. Proceeding as in the case

of exterior powers we get that £ ® F — M is a vector bundle.
Question. What’s the general principle?

Answer. C* functors.

To define functors we must first define categories.

Definition 27.4. A category C consists of

e A collection of objects Cy.
e For each pair of objects X, Y € Cy a set Hom¢(X,Y) of arrows/morphisms.
e For each triple of objects X, Y, Z € Cy a composition

o:Home(Y, Z) x Home(X,Y) — Home(X,Z2)
(z&vy Lx) » 22 x

For each object X € Cy a morphism 1x € Hom¢(X,Y') such that
(i) For all f € Home(X,Y) we have 1y o f = f = folx; and

(ii) o is associative: for all W Az y L X we have ho (gof)=(hog)of.
We set C1 = [[ yec, Home(X,Y). This is a collection of all morphisms.

Example 27.5. C = Set, the collection of all sets and maps of sets is a category. Cy is the collection of all
sets and for all X,Y € Cy we have Homget(X,Y) = {f: X — Y | f is a function}

Example 27.6. C = Top, the category of topological spaces and continuous maps.

Example 27.7. C = Man, the category of manifolds. Cy is usually taken as the collection of all finite
dimensional, Hausdorff, paracompact manifolds and the morphisms are C*° maps.

Example 27.8. C = Lie, the category of Lie groups.

Example 27.9. C = Vec, the category of finite dimensional vector spaces over R where the morphisms are
linear maps.
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Example 27.10. C = Vec™°, the category of finite dimensional vector spaces over R where the morphisms
are linear isomorphisms.

Next Time. Functors, smooth functors, and differential forms.
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