LECTURE 28 DIFFERENTIABLE MANIFOLDS 10/26,/2011

Last Time.

(1) Given a vector bundle E — M we’ve constructed the dual bundle E* — M and exterior powers
bundles, A*E — M, n =0,... rank E. Note that for any manifold M we have TM — M and hence
we also have

e the dual bundle (T'M)* = T* M, which is the cotangent bundle.
o N'(T*M) for 0 <n < dim M.
o I'(A"(T*M)) = Q™(M), differential forms.

(2) We’ve constructed the Whitney sum E & F — M of vector bundlesE — M and F — M.

(3) We've also defined categories and considered a few examples of categories: the category Set of sets,
the category Top of topological spaces and continuous maps, the category Man of manifolds and
smooth maps, the category Vec of real finite dimensional vector spaces and linear maps, the category
Vec™™ of finite dimensional real vector spaces and linear isomorphisms. Note that for an object V of
Vec™, i.e., for a vector space V, we have Homyecs (V, V) = GL(V).

Definition 28.1. A (covariant) functor F : C — D from a category C to a category D is a pair of objects
Fy : Co — Dy and (compatible) maps Fy : C; — D; such that the following holds

(1) For all objects A € Cyp we have Fi(14) = 15,4

(2) For all (compatible) morphisms f,g € C; we have Fy(go f) = Fi(g) o F1(f).

Example 28.2. We have the underlying functor U : Man — Set which assigns to a manifold the underlying
set.

Remark 28.3. A contravariant functor reverses the composition order. So instead of condition (2) in
Definition 28.1 we have for all (compatible) morphisms f,g € C; that Fy(go f) = Fi(f) o Fi(g).

Notation. Given a functor F': C — D one usually writes F' for both F; and Fj.

Example 28.4. The functor (—)* : Vec — Vec that takes the duals, that is, (V' 4, W) — (V* A W*) is
a contravariant functor.

. . sy —1
Example 28.5. [(—)*]7!: Vec™ — Vec™ with (V 4, W) — (V* @), W*) is a covariant functor.

Example 28.6. The mapping A" : Vec — Vec with (A i>) — (AV x4 A"W) is a functor.

Question. What about @ and ®? They don’t look like functors since they require pairs of vector spaces as
inputs and pairs of maps.

Definition 28.7. Let C™V ..., C("™ be categories. The objects of the product category CM) x --- x C(™ are
n-tuples of objects (X1, ..., X,) such that each X; € C(Y). Morphisms are n-tuples of morphisms of C()’s.
Le (X1 N, Yi,..., X, ELR Y,,) where each X; LN Y; is an arrow in C(¥).

Example 28.8. @ : Vec x Vec — V with (1} A, Wi, Va Az, Wo) — (Vi Vs A1942 W1 @ Ws) is a functor.

Example 28.9 (Smooth functor). ® : Vec x Vec — V with (1} Ay Wi, Va Az, Wa) — (V1 @ Va A1®42
W1 ® Wy) is a functor.

Definition 28.10. A (covariant) functor F : (Vec™)" — Vec™ is C' if for any n-tuple of vector spaces
(Vi,...,V,) themap F:  GL(WV) x--- xGL(V,) — GL(F(V1,..., W) is C*.

Hom,y, isoyn (V1,0 Vi), (V1,00 Vi) Homy, iso (F(V1,...,Va),F(V1,...,V))

Example 28.11. Examples 28.6, 28.8, and 28.9 above provide C* functors if we restrict Vec to Vec'®.

Theorem 28.12. If F': (Vec™)" — Vec™ is a C™ functor, then for any n-tuple of vector bundles {E; —
M} | there exists a vector bundle F(E,...,E,) — M such that for all ¢ € M we have F(Ex,...,E,)q =

F((B1)gy -+ (En)q)-
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Sketch of Proof. As a set define F(Ey,...,En) = [[ cp F(E1)g,-- -5 (En)g). Let {wg) : E(i)|U — U, X

RFi} 4 ™, be a collection of trivializations with {Us}aca a cover of M. Then
F (<p$>,...,<pg">) CF(Er . By — U x (R¥ oo x R
are purported trivializations of F(FEy, ..., E,). Then for all ¢ € U, we have

1 n _ 1 n
F(w&)7.-~,so& )) | r (BB = F (soé)(q),-..m?. )(‘”)

The corresponding transition maps of F(FE1,...,E,) are
F(Er,...,Ep 1 n
pos q)=F (w&ﬁ(Q),---,wig(Q))
which are C'*° since F' is a C*° functor. O

Our next goal, for a week or two are Stokes’ and divergence theorems. Recall the fundamental theorem of
calculus. It states that

b
/ f'(2)de = £(b) — f(a)

/ df = / /.
[a,b] 9([a,b])

Theorem 28.13 (Green’s Theorem). If D C R? is a domain with smooth boundary D, then

which we may rewrite as

Recall also

oP  0Q
P(z,y)dz — Q(x,y)d :/ (——l—)dxd
- (z,y) Q(z,y)dy o o y
Note that
oP oP
P = — —
d o dz + By dy
. 0Q oQ
dQ = % dr + By dy

Hence, if we set a = P(z,y)dz — Q(z,y) dy, we can rewrite the statement of Green’s theorem as

/ a:/dP/\da:+dQ/\dy
aD D
If we set da := dP A dx + d@Q A dy, then the statement of Green’s theorem shortens to

/ a:/da,
oD D

which now looks just like the fundamental theorem of calculus except now instead of a function f we have
a one-form «. The general theorem that subsumes the two theorems above as special cases is:

Theorem 28.14 (Stokes’ Theorem). Let D be a domain in an oriented manifold M with boundary 0D
(oriented appropriately). Then for all w € QM M=1(}r)

/ w:/dw.
oD D

To makes sense of the statement we need to sort out a number of things: “domain,” why the boundary
of a domain is a manifold, “induced orientation of the boundary,” the exterior derivative d applied to all
differential forms and not just to functions ...
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