LECTURE 29 DIFFERENTIABLE MANIFOLDS 10/28/2011

Last Time. We started discussing Stokes’ theorem:

/ a:/da
oD D

for a regular domain D with boundary 9D in an oriented manifold M and a compactly supported form «a of
degree dim M — 1.

Today we will make sense of the “d” in “da”in the statement of Stokes’ theorem above. Later we will define
regular domains, their boundaries and orientation of boundaries induced by the orientation of the ambient
manifold.

Theorem 29.1 (Exterior Derivative). For every manifold M there is a unique R-linear map
dpr : (M) — QM)
(i.e. Yw € QF(M) we have dpw € QF¥F1(M)) called exterior derivative such that

(1) For all f € C* = Q°%(M) we have dy, f = df.

(2) For all open W C M and all w € QF(M) we have (de)’W = dW(w|W)

(8) For allw € Q*(M) and all n € QY (M) we have dps(w A1) = dar(w) An+ (=1)*w Adym
(4) For all w € Q*(M) we have dpr(dpyw) =0 (ie. d3;, =0).

Proof of Uniqueness. Suppose that there exists dps : Q*(M) — Q*1(M) with properties (1)-(4) above. Let
(71,...,%m) : U — R™ be a coordinate chart. Then for all o € Q*(M)

a|U: E ardry = E ardx, A--- Adz;,
|I|=k T=iy < <iy,

Claim 1. If d exists then we must have dy(dzr) =0

Proof. We will proceed by induction on k. If k =1 then

dU(dxil) byz(l) dU dUmil byé4) 0.

Suppose that dy(da;, A--- Adz;, ) =0, then

dy(dai, A Adzi, Adas,,,) " dp(dag, A Adas,) Adas,,, + (=1 dai, A+ Adas, Ady(dag,,).

Hence
(dMOé)’U = dU(a|U)

= dU Z a]d(E[

|I|=k

= Z (dUaI/\da:I—i—a[dU(dx]))
1=k

= Z da;y Adzg.

|I|=k
Therefore if d},Q*(M) — Q*t1(M) is another R-linear map with properties (1)-(4), then for all k, all
a € QF(M), and all coordinate charts U we have
( Qwa)’U = d’U(a‘U) =dy (Z ar dxl) = Zdal ANdzp = (dMoz)’U.
This proves uniqueness of the exterior derivative d;. O

Proof of Existence. For each coordinate chart (z1,...,2,) : U — R™ on M define for all k& the map dy :
QF (M) — QF1(M) by

dag if [I]=0
(29.1) dy ardzy | & :
nz_k Yirj=r dar Adzy i [I]>0
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Assume for the moment:

Claim 2. dy defined by (29.1) has properties (1)-(4).

Now define dps : Q*(M) — Q*1(M) as follows: for any coordinate chart U set
(29.2) (dpa)|, = dulel,)

Does equation 29.2 make sense? Suppose that U and V are two compatible coordinate charts. Then

Clailz (2)

(dU(a’U))’Umv dUﬂV(a‘U|UﬂV)

= dUﬂV(a|v|UmV)

Cloi @ (dU(O“v))‘Umv

Next we prove claim 2. We check conditions (1)-(4).
(1). For all f € C*°(U) we have dy f = df by definition of dy.

(2). Recall that we proved that d commutes with pullbacks and restrition |W to W is the pullback by the
inclusion W < U. Hence for any f € C*°(U) and any open W C U we have

(dv )|y = dflyy = d(f]y) = dw(f] )
Now

dU(aIdx1)|W = (day Adzxy) ‘W
= d“I|W (dzr) |W
= a1|W ) A d( x1|W)
= dw ((al dx1)|W)

Hence dy has property (2).

(3). It is no loss of generality to assume that w = a;y dz; and n = by dz; for some indicies I and J and some
functions ay, by. Then
dU(w A\ 17) = dU(a] dxr Aby d.’L‘])
= du(a[bJ dry A deScJ)
darby ANdaxy Aday
= das Adzg A (bydzy) +(=1)* (agdzs) Adby Aday
S—— — —_——

dw n w dn
This proves that (3) holds for dy.

(4).
dy (dU(a] d(E[)) dU(da]/\dl‘])
= dy(day) Adxy + (—l)k day Ady(dxr)
——
=0
80,[
= dy (Z oz, ) Adxy
Now
8a1 d%ap
(2 G an) = 2 gy, Ll
~—~—" Skew—symmetric
Symmetric
hence is 0. Thefore dy (dy(ar dzr)) = 0 and consequently dyy o dyy = 0. This proves claim 2. O
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It remains to show that dys defined by equation 29.2 has propeties (1)-(4).
(1). For all f € C*°(M) and any cooridante chart U

(d]wf)|U by our deﬁ;ition ofdps

Since U is arbitrary, dy, f = df.

(2). For all open W C M and all coordinate charts U C M we know that U N W is a coordinate chart on
W. Since dy has property (3), we know that for all u € Q*(U)

(29.3) (o )]y = doaw (1)
Therefore for any w € Q*(M)

((de)‘W)|UmW = de‘UﬂW

= ((dmw) |U) |WnU

= (dU(W|U)) |WnU
e dwrw @y |yao)
29.2

= dW(w}W”WﬂU

Hence de’W =dw (w’W) if dps and dyy are defined by equation 29.2.

(3). Say w € QF(M), n € QY(M) and U a coordinate chart, then

= dy (@An)ly)

= dy ([, Anfy)

= dy(wy) A (77|U) + (—=1)k (w’U) Ady (n’U)
= (([duw) An) | + (=1" (@ A (darm) |,

d]VI(W/\T])‘U

(4).
du(dyw)|, = dv ((daw)|,) = do (du(w],)) =0
since dy ody = 0.
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